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Abstract 
Gionfriddo, M. and G. Lo Faro, 2-Colourings in S(t, t + 1, u). Discrete Mathematics 111 (1993) 
263-268. 
Let S(t, k, c) be any nontrivial Steiner system. In this paper we prove the nonexistence of 2- 
colourings in Steiner systems S(t, t + 1, ~1) when t + 1 is an odd number. Further, we prove that if t + 1 
is an even number and C is a blocking set of the system S(t, t + 1, L’) then ICI =n/2. 
1. Introduction 
A t-(u, k, j*) design, or S,(t, k, v), is a pair (V, a), where L’ is a finite u-set and $8 is 
a collection of k-subsets of P’, called blocks, such that every t-subset of V is contained 
in exactly 3. blocks of &?. If i, = 1, a t-(v, k, 1) design is also called a Steiner system and is 
denoted by s(t, k, u). For t=2 and k= 3, a Steiner system is called a Steiner triple 
system and is denoted by STS(o). For t = 3 and k =4, a Steiner system is called 
a Steiner quadruple system and is denoted by SQS(v). 
In 1960 Hanani [6] proved that an SQS(o) exists if and only if u-2 or 4 (mod 6), 
while it is well-known that an STS(U) exists if and only if u = 1 or 3 (mod 6). 
A set T G V such that, for each bE93, bn T#@ is called to be a transversal of the 
system. If T is a transversal and C, T is a transversal of the system, then T is said to be 
a ‘2-colouring’ or a ‘blocking set’ of the system. It follows that a blocking set is a subset 
T G V such that Tn b # 8, Cv n b # 0, for each block beg;. 
Very little is known today about the existence of blocking sets in Steiner systems. 
Results on blocking sets in Steiner quadruple systems have been obtained by Doyen 
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and Vandensavel [3] and Phelps and Rosa [ll]. Many authors have proved the 
nonexistence of blocking sets in Steiner triple systems from more general results 
[l, 14, 151. 
The existence of blocking sets in SA(2, 4, u) was studied by Hoffman et al. [8,9), 
meanwhile Gionfriddo and Micale [.5] studied blocking sets in Sn(3, 4, 21). 
De Vries [I143 proved the nonexistence of blocking sets in the systems 
S(t- 1, t, 2t+ l), for t odd. In this paper we will prove that (i) there do not exist 
blocking sets in Steiner systems t-(u, t+ 1, 1) (briefly, S(t, t+ 1, u)) having blocks of 
odd size, (ii) existence of blocking sets in Steiner systems S(t, t + 1, v) is possible for 
t odd, (iii) if B is a blocking set of an ,S(t, t + 1, v) for t odd then IBI =u/2 
Given a system S(t, t + 1, u) (V, LB), ifs d t, Y, denotes the number of blocks contain- 
ing any s-subset of V. It is known that 
r =(~--)(~-----)~~~(~--+l) for O<s<t_l 
s 
(t+ 1 -s)! 
.\ 
and that r1 = 1. 
In what follows, we will always consider nontrivial Steiner systems. 
2. Some properties of S(t, t + I, v) 
Let (V, B) be a (nontrivial) Steiner system S(t, t+ 1, v). 
(1) The parameters t and v are always of diflerent parities. Consider that 
&-i) 
’ (:I;) 
is an integer for every i = 0, 1, . . . , t-l.Ifk=t+landi=t-l,itgivesthat(v-t+1)/2 
is an integer; so, u-t must be odd. 
(2) u 3 2t + 2. This follows from Tit’s relation u =(t + l)(k- t + 1) [ 161. 
NOW, let H c V, 1 H I= h. Let TH be the number of blocks of B which are contained 
in H: 
T,=ljb&/b~H}I. 
It holds that TH$O. Further, let V-H={xl, x2, . . . , xv-h}. From inclusion-exclusion 
principle, we have the following: 
(3) T,+(- l)fTV-H=rO-(“;h)rl +(“;h)r2-_(“;h)r3+ ... +(- l)‘(“yh)r,, where (;)=O 
when n < k. If we have N objects and n properties a,, a2, . . , a,,, let N(ai, . . , aj) be the 
number of these objects having properties ai, . . . , aj and let N(a;, . . . , ah) be the 
number of objects with none of the properties ai. The inclusion-exclusion principle 
states that 
N(a;, . . . . aL)=N-(N(a,)+ ... +N(a,))+(N(al, a2) 
+N(a,,a3)+ ~~.+N(a,_1,a,))-(N(aI,az,a3)+ ...)+ ... + 
(- l)“N(a,, a2, . . . , a,). 
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So, if we consider the set &? of the blocks and the property ai means a block having 
exactly the point xi in common with V-H, for i= 1,2, . . , u-h; then N(ai) denotes 
the number of blocks having exactly Xi in common with V-H, N(ai, aj) denotes 
the number of blocks having exactly Xi and xj in common with 
V- H, . . . ~ N(a;, a;, . . . , a:-,,) denotes the number of blocks having no point in com- 
mon with V-H. Hence, (3) holds. 
We can see that the parameter T, +(-l)fTy_H depends on t, v and h only, while it 
does not depend on H. Therefore, we can write 
T, +( - l)‘Tv-, =.f(t, v, h). 
Remark 2.1. Let (V, B) be an s(t, t + 1, v). 
(i) 1ft is even, thenf(t, v, (v+ 1)/2)>0. From va2t+2, it follows (u+ 1)/2>t+ 1. 
Hence, for a given HcV, IHl=h, T,>O. Since f(t,v,(~+1)/2)=T~+T~-~, 
f(t, u, (a + 1)/2) > 0. 
(ii) 1f t is odd, then f(t, v, h) = 0 if h = v/2. t odd impliesf(t, u, h) = -f(t, v, v-h). If 
h = u/2 then immediatelyf(t, v, u/2) = 0. Suppose that there exists a set H G V, (H ( = h, 
such that f(t, v, h)=O and h> v/2. It follows that T,= Tv-H. We can suppose that 
T,>O (this is possible because v/23 t+ 1). Since IH I= h=u/2+r, consider a set 
R G H such that I R I = r with a point XER contained in a block all contained H. 
It follows that TH_R<TH and TtvmHjVR, > TV _ H (because ) H - R ) = u/2 implies 
T,-,= T~v-HJ~R. ) But this is not possible. Hence, 12 = v/2. 
Let (V, 93) be an S(t, t + 1, a) and let H s V, HZ@. If XEH, let 
dH(x)=J{bEa: xEb and bc H}J, 
68(x)=I{bES?: xgb and b-(x} G V-H}l. 
It follows that 
=f(t, U, h - 1) + dH(X) + (-I)‘- ‘68(X), 
where we can see that dH(X) -k-l)‘- ‘a,( x 1s not dependent on x and H but is ) 
function of t, v, h only. 
Therefore, we can write 
dH(x)+(--l)‘-l&,(X)=g(t, U, h). 
Remark 2.2. Let t 32 and let H c V, I H I = h>O. If XEH, consider the system 
s(t - 1, t, v - 1) derived from x. 
We can see that 
g(t,u,h)=f(t-l,v-l,h-1). 
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Hence, 
f(t, u, h) =f(t, u, h- 1) +f(t - 1, u - 1, h - 1) 
for each t>2 and h>O. 
3. Main results 
We can see that if (V, B) is an S(1, 2, u), i.e. is a l-factor of V then 
f(1, u, h)=+h)=h-f. 
Hence, 
O=/(I,o,~)</(l,L.,q+l)<...Cf(l,Y,v)=l~. 
Lemma 3.1. Zf (V, 8) is an S(2, 3, u), then 
Proof. From Remark 2.1(i), it is sufficient to prove that if ha(v+ 1)/2 then 
f(2, u, h + 1) >.f(2, v, h). 
Since 
h(u - h) 
f(2, v, h)=~~-(“~h)~+(vI”)=r,---i 
(for each h < u, h 2 0). 
If h>,(u+ 1)/2, then 
f(2,u,h+l),,,_(h+1)(~-h-1~=lo_hc-h2-~h+u-1>r, h”;h2 
=ru-9$=f(2, u, h). 0 
Lemma 3.2. If (V, .28) is an S(3,4, u), then 
O=,(,,u,~)<,(,,u,y”)<... <f(3,v,v)=r,. 
Proof. From Remark 2.1 (ii) it is sufficient to prove that if h 3 v/2 then f(3, Y, h + 1) > 
f(3, t‘, 1%). 
Since f(3, u, h+ l)=f(3, u, h)+g(3, u, h+ l)=f(3, u, h)+f(2, u-l, h), if h3u/2= 
[(u- I)+ I]/2 thenf(2, u- 1, h)>O; henceJ(3, u, h+ l)>f(3, u, h). Cl 
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Lemma 3.3. If ( V, 39) is an S(t, t + 1, a), then: 
(i) t even implies that 
o<f(t,v,y)<f(t, U, q+l)< .. . <f@,v, v)=ro 
(ii) t odd implies that 
O=f 
( “) ( v > 
4 0, j <f t, V,j+ 1 < ... <f(t, 0, v)=rO. 
Proof. The statement is true for t = 1, t = 2 and t = 3. Suppose that it is true for any 
value t- 1. 
Case 1: t even. 
Let h3(v+ 1)/2. It follows that 
f(t,v, h+l)=f(t,v, h)+f(t-1, v-1,h). 
Since h > (v - 1)/2, f(t - 1, v - 1, h) > 0 by induction; hence, 
f(t, v, h+ l)>f(t, v, h). 
At this point, the statement follows from Remark 2.1(i) 
Case 2: t odd. 
Let h>v/2. Then 
f(t,v, h+l)=f(t, v, h)+f(t-l,v-l,h). 
Since h>[(v- l)+ 1]/2, it follows (by induction) that f(t- 1, v- 1, h)>O, and the 
statement follows from Remark 2.l(ii). 0 
From the previous lemmas, following. 
Theorem 3.4. If (V, 97) is a Steiner System S(t, t + 1, u), then: 
(i) if t is even, then there are no blocking sets in the system; 
(ii) if t is odd and C is a blocking set of the system, then ICI =v/2. 
Proof. (i) For every C c V, 1 C I > (v -t 1)/2 or 1 V- CJ B (v + 1)/2. 
Suppose c = I Cl > (v + 1)/2. It follows that 
fk 0, 42f 
v+l 
( > 
4 4 ~ 
2 
> 0. 
Hence, T, + T, _ c > 0. 
This implies the existence of blocks of 49 which are contained in C or in V-C. It 
follows that C cannot be a blocking set. 
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(ii) If C is a blocking set then T, = 0 = TV _ c, which implies that T, - TV_, = 0, i.e. 
f(t, u, c)=O, where c= 1 Cl. From Remark 2.1 (ii), it follows that c=v/2. 0 
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